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Visual Computing and Machine Learning

Conditioning & introduction to least squares problems
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Where are we now?
Veggies first, then the cake

2

MidJourney:  two plates next to each other. one contains heaps of carrots,

cucumbers, and tomatoes. The other is full of sumptuous cake and candy.

Hyper-realistic, f/1.4

2. Linear systems, LU

6. Eigenanalysis, SVD4. Least squares, QR 5. Writing efficient
     numerical code

1. Floating Point
    arithmetic & error

8. Aut. differentiation7. Nonlinear problems

11. Quadrature

3. Conditioning &
least squares basics

12. Monte Carlo

13. Inverse graphics

9. Neural networks

10. Interpolation
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Solving a linear system using Gaussian Elimination
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pivot element

0
0
0

0
0 0

Observation: None of the decisions taken by the algorithm depend on the right hand side.
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Recap: LU factorization
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U = E6E5E4E3E2E1A

A = (E6E5E4E3E2E1)
�1U

A = LU

= E�1
1 E�1

2 E�1
3 E�1

4 E�1
5 E�1
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<latexit sha1_base64="ydhJeC6bjjfkaW9nIixXaurNEMc="></latexit>
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Recap: don't invert (big) matrices
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x = A-1 b
Usually this does not mean "compute an inverse of A". Read this as "call a linear system solver to solve Ax =  b

What kind of linear system solver?

Dense Symmetric Diagonal Tridiagonal

Lower
triangular

Block Low rank

Permutation

Upper
triangular

Sparse

for i in range(n):

    x[i] = b[i] / A[i, i]

Dense Symmetric Diagonal Tridiagonal

Lower
triangular

Block Low rank

Permutation

Upper
triangular

Sparse

for i in range(n):

    x[i] = b[perm[i]]

Dense Symmetric Diagonal Tridiagonal

Lower
triangular

Block Low rank

Permutation

Upper
triangular

Sparse

General solver, e.g.

LU factorization

Dense Symmetric Diagonal Tridiagonal

Lower
triangular

Block Low rank

Permutation

Upper
triangular

SparseTriangular

Forward/backward 
substitution
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A worked out example
LU factorization of a 2x2 matrix
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<latexit sha1_base64="Q2nWL6hNweH6yE/IZClIYAsBWWM="></latexit>

A =


1 1
2 4

�

<latexit sha1_base64="0hMLQnx8RjVneG/QUEGqsNBtmRk="></latexit>

L = E�1
1 =


1 0
2 1

�

∗ -2

(Elimination matrix that performs this operation)
<latexit sha1_base64="T2FGfHfd7deOiPKSIyWN7jsmZuA="></latexit>

E1 =


1 0
�2 1

�

<latexit sha1_base64="3eRQI24cP/LCHGBtfT1D7SAu15A="></latexit>

E1A =


1 1
0 2

�

<latexit sha1_base64="okZAlnziWBYOq4Y9S6wIxqk1pcA=">AAACCHicbZDNSsNAFIVv/K31L+rShcEiuCqJFHUjVN24cFHBtIW2lMl00g6dTMLMRCghSze+ihsXirj1Edz5Nk7aFLT1wMDHufcy9x4vYlQq2/42FhaXlldWC2vF9Y3NrW1zZ7cuw1hg4uKQhaLpIUkY5cRVVDHSjARBgcdIwxteZ/XGAxGShvxejSLSCVCfU59ipLTVNQ/aAVIDz08u04sp3qZTctOuWbLL9ljWPDg5lCBXrWt+tXshjgPCFWZIypZjR6qTIKEoZiQttmNJIoSHqE9aGjkKiOwk40NS60g7PcsPhX5cWWP390SCAilHgac7sw3lbC0z/6u1YuWfdxLKo1gRjicf+TGzVGhlqVg9KghWbKQBYUH1rhYeIIGw0tkVdQjO7MnzUD8pO6flyl2lVL3K4yjAPhzCMThwBlW4gRq4gOERnuEV3own48V4Nz4mrQtGPrMHf2R8/gCX1Jpb</latexit>

A = LU ✅
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Cost of matrix operations
1. Matrix-vector multiplication

7

b = A @ x

b = np.zeros(n)

for j in range(n):

    for i in range(n):

        b[i] += A[i, j] * x[j]

b = np.zeros(n)

for j in range(n):

    b += A[:, j] * x[j]

309 ms ~28x slower

30 ' 282 ms ~2 ' 752x slower

<latexit sha1_base64="+RhAiZ8ZWD1Su13ZHd0VDrMq9Z0=">AAACE3icbVC7TsMwFHV4lvIKMLJEVEiIoUpQBYwFFsaC6ENqQuW4TmvVcSL7BqmK8g8s/AoLAwixsrDxNzhpB2g5kqXjc+7Vvff4MWcKbPvbWFhcWl5ZLa2V1zc2t7bNnd2WihJJaJNEPJIdHyvKmaBNYMBpJ5YUhz6nbX90lfvtByoVi8QdjGPqhXggWMAIBi31zGM3xDD0g/Qic5mYfPz0NrtPHVvDBRZSVdCsZ1bsql3AmifOlFTQFI2e+eX2I5KEVADhWKmuY8fgpVgCI5xmZTdRNMZkhAe0q6nAepSXFjdl1qFW+lYQSf0EWIX6uyPFoVLj0NeV+dJq1svF/7xuAsG5lzIRJ0AFmQwKEm5BZOUBWX0mKQE+1gQTyfSuFhliiQnoGMs6BGf25HnSOqk6p9XaTa1Sv5zGUUL76AAdIQedoTq6Rg3URAQ9omf0it6MJ+PFeDc+JqULxrRnD/2B8fkDqxadXA==</latexit>

A 2 R10000⇥10000

<latexit sha1_base64="2jc8IwDF/4Bw82EsrST7s4Wit2M=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJqUpQBYwVLIwF0YfUhMp2ndaq40S2g1RFGVn4FRYGEGLlE9j4G5w2A7QcydLxOffq3ntwzJnSjvNtlZaWV1bXyuuVjc2t7R17d6+tokQS2iIRj2QXI0U5E7Slmea0G0uKQsxpB4+vcr/zQKVikbjTk5j6IRoKFjCCtJH69qEXIj3CQYozj4nZB6e32X3qOgZZ3646NWcKuEjcglRBgWbf/vIGEUlCKjThSKme68TaT5HUjHCaVbxE0RiRMRrSnqEChVT56fSQDB4bZQCDSJonNJyqvztSFCo1CbGpzDdV814u/uf1Eh1c+CkTcaKpILNBQcKhjmCeChwwSYnmE0MQkczsCskISUS0ya5iQnDnT14k7dOae1ar39SrjcsijjI4AEfgBLjgHDTANWiCFiDgETyDV/BmPVkv1rv1MSstWUXPPvgD6/MHf0GZoA==</latexit>

b 2 R10000

100 million matrix entries!

11 ms (measured on an M1 Mac)

<latexit sha1_base64="+CgkbJBN4a/g7wiISrfR2Q387EA=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiSlqMuiG3dWsA9oY5lMJ+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1z/JgzpR3n21pb39jc2i7sFHf39g8O7aPjlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb98W3mtydUKhaJRz2NqRfioWABI1gbqW/bvRDrEcE8vZ+VxVP1om+XnIozB1olbk5KkKPRt796g4gkIRWacKxU13Vi7aVYakY4nRV7iaIxJmM8pF1DBQ6p8tJ58hk6N8oABZE0T2g0V39vpDhUahr6ZjLLqZa9TPzP6yY6uPZSJuJEU0EWh4KEIx2hrAY0YJISzaeGYCKZyYrICEtMtCmraEpwl7+8SlrVintZqT3USvWbvI4CnMIZlMGFK6jDHTSgCQQm8Ayv8Gal1ov1bn0sRtesfOcE/sD6/AHOdJMg</latexit>

O(n2)
b = np.zeros(n)

for i in range(n):

    b[i] = A[i, :] @ x

66 ms ~6x slower
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Cost of matrix operations
2. Matrix-matrix multiplication
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C = A @ B

C = np.zeros((n, n))

for i in range(n):

    for j in range(n):

        for k in range(n):

            C[i, j] += A[i, k] * B[k, j]

C = np.zeros((n, n))

for j in range(n):

    C[:, j] = A @ B[:, j]

341 ' 495 ms ~17 ' 973x slower

1 million matrix entries!

<latexit sha1_base64="K6WjvaZuFuEQ6Ljf0np7f+UT8Jg=">AAACH3icbZBNS8NAEIY39avWr6hHL4tF8CAlkVI91nrxWMV+QBPLZrtpl242YXcjlJB/4sW/4sWDIuKt/8ZNG0FbBxaefWeGmXm9iFGpLGtqFFZW19Y3ipulre2d3T1z/6Atw1hg0sIhC0XXQ5IwyklLUcVINxIEBR4jHW98neU7j0RIGvJ7NYmIG6Ahpz7FSGmpb9acAKmR5ydX6Rn84UbqUJ7/vOQufUhsy7IcRQMiYYZp3yxbFWsWcBnsHMogj2bf/HIGIY4DwhVmSMqebUXKTZBQFDOSlpxYkgjhMRqSnkaO9Cg3md2XwhOtDKAfCv24gjP1d0eCAikngacrs53lYi4T/8v1YuVfugnlUawIx/NBfsygCmFmFhxQQbBiEw0IC6p3hXiEBMJKW1rSJtiLJy9D+7xi1yrV22q53sjtKIIjcAxOgQ0uQB3cgCZoAQyewAt4A+/Gs/FqfBif89KCkfccgj9hTL8BliOiCA==</latexit>

A,B 2 R1000⇥1000

19 ms (measured on an M1 Mac)

236 ms ~6x slower

<latexit sha1_base64="dkM7lVRHGmmGdVkVnBI2DG+FSrk=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRa1GXRjTsr2Ae0sUymk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zba2srq1vbBa2its7u3v79sFhU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+6DbzW2MqFYvEo57E1AvxQLCAEayN1LPtboj1kGCe3k/L4unirGeXnIozA1ombk5KkKPes7+6/YgkIRWacKxUx3Vi7aVYakY4nRa7iaIxJiM8oB1DBQ6p8tJZ8ik6NUofBZE0T2g0U39vpDhUahL6ZjLLqRa9TPzP6yQ6uPZSJuJEU0Hmh4KEIx2hrAbUZ5ISzSeGYCKZyYrIEEtMtCmraEpwF7+8TJrnFfeyUn2olmo3eR0FOIYTKIMLV1CDO6hDAwiM4Rle4c1KrRfr3fqYj65Y+c4R/IH1+QPP+ZMh</latexit>

O(n3)
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Cost of matrix operations
O(n3) time complexity.. is that really true?
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Volker Strassen, 1969

"Matrix multiplication has O(n2.8074) time complexity."

MidJourney: a galactic computer

Virginia Williams et al., 2023

"Matrix multiplication has O(n2.371552) time complexity."

Quite possible that the true cost is O(n2). Nobody knows!

Many works are galactic algorithms. In practice, the naïve algorithm tends to be fastest.

Still an active area of research
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Cost of matrix operations

10

0
0
0

0
0 0

0
0
0

0
00

Forward/backward substitution
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# As above, but using the following function instead

def solve_triangular(M, y, lower):

    x = np.zeros(n)

    todo = range(n) if lower else reversed(range(n))

    for i in todo:

        x[i] = (y[i] - M[i, :] @ x) / M[i, i]

    return x

not invented here 

syndrome!

Cost of matrix operations
Triangular system solving aka. "substitution".

11

LU permutation produces PLU = A
Usage: solve Px1 = b (permute), solve Lx2 = x1 (forward subst.), solve Ux3 = x2 (backward subst.)

lup = la.lu_factor(A)

x = la.lu_solve(lup, b)

P, L, U = la.lu(A)

x1 = P.T @ b

x2 = la.solve_triangular(L, x1, lower=True)

x3 = la.solve_triangular(U, x2, lower=False)

<latexit sha1_base64="+RhAiZ8ZWD1Su13ZHd0VDrMq9Z0=">AAACE3icbVC7TsMwFHV4lvIKMLJEVEiIoUpQBYwFFsaC6ENqQuW4TmvVcSL7BqmK8g8s/AoLAwixsrDxNzhpB2g5kqXjc+7Vvff4MWcKbPvbWFhcWl5ZLa2V1zc2t7bNnd2WihJJaJNEPJIdHyvKmaBNYMBpJ5YUhz6nbX90lfvtByoVi8QdjGPqhXggWMAIBi31zGM3xDD0g/Qic5mYfPz0NrtPHVvDBRZSVdCsZ1bsql3AmifOlFTQFI2e+eX2I5KEVADhWKmuY8fgpVgCI5xmZTdRNMZkhAe0q6nAepSXFjdl1qFW+lYQSf0EWIX6uyPFoVLj0NeV+dJq1svF/7xuAsG5lzIRJ0AFmQwKEm5BZOUBWX0mKQE+1gQTyfSuFhliiQnoGMs6BGf25HnSOqk6p9XaTa1Sv5zGUUL76AAdIQedoTq6Rg3URAQ9omf0it6MJ+PFeDc+JqULxrRnD/2B8fkDqxadXA==</latexit>

A 2 R10000⇥10000

<latexit sha1_base64="2jc8IwDF/4Bw82EsrST7s4Wit2M=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJqUpQBYwVLIwF0YfUhMp2ndaq40S2g1RFGVn4FRYGEGLlE9j4G5w2A7QcydLxOffq3ntwzJnSjvNtlZaWV1bXyuuVjc2t7R17d6+tokQS2iIRj2QXI0U5E7Slmea0G0uKQsxpB4+vcr/zQKVikbjTk5j6IRoKFjCCtJH69qEXIj3CQYozj4nZB6e32X3qOgZZ3646NWcKuEjcglRBgWbf/vIGEUlCKjThSKme68TaT5HUjHCaVbxE0RiRMRrSnqEChVT56fSQDB4bZQCDSJonNJyqvztSFCo1CbGpzDdV814u/uf1Eh1c+CkTcaKpILNBQcKhjmCeChwwSYnmE0MQkczsCskISUS0ya5iQnDnT14k7dOae1ar39SrjcsijjI4AEfgBLjgHDTANWiCFiDgETyDV/BmPVkv1rv1MSstWUXPPvgD6/MHf0GZoA==</latexit>

b 2 R10000

100 million matrix entries!

2 ' 755 ms (measured on an M1 Mac)

30 ms

102 ms ~3.4x slower

150 ms 5x slower

recommended

manual
<latexit sha1_base64="+CgkbJBN4a/g7wiISrfR2Q387EA=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiSlqMuiG3dWsA9oY5lMJ+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1z/JgzpR3n21pb39jc2i7sFHf39g8O7aPjlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb98W3mtydUKhaJRz2NqRfioWABI1gbqW/bvRDrEcE8vZ+VxVP1om+XnIozB1olbk5KkKPRt796g4gkIRWacKxU13Vi7aVYakY4nRV7iaIxJmM8pF1DBQ6p8tJ58hk6N8oABZE0T2g0V39vpDhUahr6ZjLLqZa9TPzP6yY6uPZSJuJEU0EWh4KEIx2hrAY0YJISzaeGYCKZyYrICEtMtCmraEpwl7+8SlrVintZqT3USvWbvI4CnMIZlMGFK6jDHTSgCQQm8Ayv8Gal1ov1bn0sRtesfOcE/sD6/AHOdJMg</latexit>

O(n2)Substitution

<latexit sha1_base64="dkM7lVRHGmmGdVkVnBI2DG+FSrk=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRa1GXRjTsr2Ae0sUymk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zba2srq1vbBa2its7u3v79sFhU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+6DbzW2MqFYvEo57E1AvxQLCAEayN1LPtboj1kGCe3k/L4unirGeXnIozA1ombk5KkKPes7+6/YgkIRWacKxUx3Vi7aVYakY4nRa7iaIxJiM8oB1DBQ6p8tJZ8ik6NUofBZE0T2g0U39vpDhUahL6ZjLLqRa9TPzP6yQ6uPZSJuJEU0Hmh4KEIx2hrAbUZ5ISzSeGYCKZyYrIEEtMtCmraEpwF7+8TJrnFfeyUn2olmo3eR0FOIYTKIMLV1CDO6hDAwiM4Rle4c1KrRfr3fqYj65Y+c4R/IH1+QPP+ZMh</latexit>

O(n3)Factorization



Examples of linear systems
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Examples of linear systems

13
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How can we model this?
This kind of motion is well-understood! (Ideal ballistic motion)

14

initial velocity

gravity
<latexit sha1_base64="suT3IIKONjELh5Gs3zTzUB2cRCk=">AAAB/XicbVBNSwMxEJ2tX7V+rfboJdgKglB2i6AXoeDFYxVrC+1asmm2Dc1mlyQrXUr9K148KIhX/4c3/41puwdtfTDD470ZMnl+zJnSjvNt5VZW19Y38puFre2d3T17/+BeRYkktEEiHsmWjxXlTNCGZprTViwpDn1Om/7wauo3H6lULBJ3Oo2pF+K+YAEjWBupaxfLKbpEePRQRafIH5lGyl275FScGdAycTNSggz1rv3V6UUkCanQhGOl2q4Ta2+MpWaE00mhkygaYzLEfdo2VOCQKm88O36Cjo3SQ0EkTQmNZurvjTEOlUpD30yGWA/UojcV//PaiQ4uvDETcaKpIPOHgoQjHaFpEqjHJCWap4ZgIpm5FZEBlphok1fBhOAufnmZNKsV96ziujfVUu02yyMPh3AEJ+DCOdTgGurQAAIpPMMrvFlP1ov1bn3MR3NWtlOEP7A+fwA3FJJq</latexit>

y = ax2 + bx+ c
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unknown

Ideal Ballistic Motion
Step 1: Think about observables and unknowns

15

<latexit sha1_base64="mUwjD+j6dJaiMgjLWerJ1P2iOxw=">AAACA3icbZBPS8MwGMbT+W/Of1VP4iW4CYIwmiHoRRh48TjFucFWS5qlW1ialiQVSxle/CpePCiIV7+EN7+N2daDbr4Q8uN53pfkffyYM6Ud59sqLCwuLa8UV0tr6xubW/b2zq2KEklok0Q8km0fK8qZoE3NNKftWFIc+py2/OHF2G/dU6lYJG50GlM3xH3BAkawNpJn71VSD8FziB88dFeDx9A3YC5S8eyyU3UmBecB5VAGeTU8+6vbi0gSUqEJx0p1kBNrN8NSM8LpqNRNFI0xGeI+7RgUOKTKzSYrjOChUXowiKQ5QsOJ+nsiw6FSaeibzhDrgZr1xuJ/XifRwZmbMREnmgoyfShIONQRHOcBe0xSonlqABPJzF8hGWCJiTaplUwIaHbleWjVquikitBVrVy/zvMogn1wAI4AAqegDi5BAzQBAY/gGbyCN+vJerHerY9pa8HKZ3bBn7I+fwDLDJRW</latexit>

y1 = ax2
1 + bx1 + c

(x1, y1)

known



RGL Realistic Graphics Lab

Regression

16

• We have a model of the expected behaviour.


• The model contains unknown parameter values.


• We have data / measurements that may be supported by the model.


• Goal: find parameters that best support the data.


• Can we express this as a solution to a linear system?


- In that case, this is called linear regression.
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Ideal Ballistic Motion
How many data points (i.e., measurements) do we need to solve this system?

17

(x1, y1) <latexit sha1_base64="JJF+iq1w8KlDO8lBroI3a1u4Lx0=">AAACA3icbZDLSgMxFIbP1Futt1FX4ibYCoJQZlpBN0LBjcsq1hbaccikmTY0cyHJiGUobnwVNy4UxK0v4c63MW1noa0HQj7+/xyS83sxZ1JZ1reRW1hcWl7JrxbW1jc2t8ztnVsZJYLQBol4JFoelpSzkDYUU5y2YkFx4HHa9AYXY795T4VkUXijhjF1AtwLmc8IVlpyzb3S0K2ic4Qf3OpdBR0jT4O+SMk1i1bZmhSaBzuDImRVd82vTjciSUBDRTiWsm1bsXJSLBQjnI4KnUTSGJMB7tG2xhAHVDrpZIUROtRKF/mR0CdUaKL+nkhxIOUw8HRngFVfznpj8T+vnSj/zElZGCeKhmT6kJ9wpCI0zgN1maBE8aEGTATTf0WkjwUmSqdW0CHYsyvPQ7NStk/Ktn1VKdauszzysA8HcAQ2nEINLqEODSDwCM/wCm/Gk/FivBsf09ackc3swp8yPn8A1HqUXA==</latexit>

y3 = ax2
3 + bx3 + c

<latexit sha1_base64="mUwjD+j6dJaiMgjLWerJ1P2iOxw=">AAACA3icbZBPS8MwGMbT+W/Of1VP4iW4CYIwmiHoRRh48TjFucFWS5qlW1ialiQVSxle/CpePCiIV7+EN7+N2daDbr4Q8uN53pfkffyYM6Ud59sqLCwuLa8UV0tr6xubW/b2zq2KEklok0Q8km0fK8qZoE3NNKftWFIc+py2/OHF2G/dU6lYJG50GlM3xH3BAkawNpJn71VSD8FziB88dFeDx9A3YC5S8eyyU3UmBecB5VAGeTU8+6vbi0gSUqEJx0p1kBNrN8NSM8LpqNRNFI0xGeI+7RgUOKTKzSYrjOChUXowiKQ5QsOJ+nsiw6FSaeibzhDrgZr1xuJ/XifRwZmbMREnmgoyfShIONQRHOcBe0xSonlqABPJzF8hGWCJiTaplUwIaHbleWjVquikitBVrVy/zvMogn1wAI4AAqegDi5BAzQBAY/gGbyCN+vJerHerY9pa8HKZ3bBn7I+fwDLDJRW</latexit>

y1 = ax2
1 + bx1 + c

<latexit sha1_base64="jwKqdiy1r4aBosISIW3iTOo+T5k=">AAACA3icbZDLSgMxFIbP1Futt1FX4ibYCoJQZgZBN0LBjcsq1hbaccikmTY0cyHJiGUobnwVNy4UxK0v4c63MW1noa0HQj7+/xyS8/sJZ1JZ1rdRWFhcWl4prpbW1jc2t8ztnVsZp4LQBol5LFo+lpSziDYUU5y2EkFx6HPa9AcXY795T4VkcXSjhgl1Q9yLWMAIVlryzL3K0HPQOcIPnnPnoGPka9AXqXhm2apak0LzYOdQhrzqnvnV6cYkDWmkCMdStm0rUW6GhWKE01Gpk0qaYDLAPdrWGOGQSjebrDBCh1rpoiAW+kQKTdTfExkOpRyGvu4MserLWW8s/ue1UxWcuRmLklTRiEwfClKOVIzGeaAuE5QoPtSAiWD6r4j0scBE6dRKOgR7duV5aDpV+6Rq21dOuXad51GEfTiAI7DhFGpwCXVoAIFHeIZXeDOejBfj3fiYthaMfGYX/pTx+QPPw5RZ</latexit>

y2 = ax2
2 + bx2 + c

The equation is linear in the unknowns.

(x3, y3)
(x2, y2)
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Ideal Ballistic Motion
How many data points (i.e., measurements) do we need to solve this system?

18

(x1, y1)

<latexit sha1_base64="JJF+iq1w8KlDO8lBroI3a1u4Lx0=">AAACA3icbZDLSgMxFIbP1Futt1FX4ibYCoJQZlpBN0LBjcsq1hbaccikmTY0cyHJiGUobnwVNy4UxK0v4c63MW1noa0HQj7+/xyS83sxZ1JZ1reRW1hcWl7JrxbW1jc2t8ztnVsZJYLQBol4JFoelpSzkDYUU5y2YkFx4HHa9AYXY795T4VkUXijhjF1AtwLmc8IVlpyzb3S0K2ic4Qf3OpdBR0jT4O+SMk1i1bZmhSaBzuDImRVd82vTjciSUBDRTiWsm1bsXJSLBQjnI4KnUTSGJMB7tG2xhAHVDrpZIUROtRKF/mR0CdUaKL+nkhxIOUw8HRngFVfznpj8T+vnSj/zElZGCeKhmT6kJ9wpCI0zgN1maBE8aEGTATTf0WkjwUmSqdW0CHYsyvPQ7NStk/Ktn1VKdauszzysA8HcAQ2nEINLqEODSDwCM/wCm/Gk/FivBsf09ackc3swp8yPn8A1HqUXA==</latexit>

y3 = ax2
3 + bx3 + c

<latexit sha1_base64="mUwjD+j6dJaiMgjLWerJ1P2iOxw=">AAACA3icbZBPS8MwGMbT+W/Of1VP4iW4CYIwmiHoRRh48TjFucFWS5qlW1ialiQVSxle/CpePCiIV7+EN7+N2daDbr4Q8uN53pfkffyYM6Ud59sqLCwuLa8UV0tr6xubW/b2zq2KEklok0Q8km0fK8qZoE3NNKftWFIc+py2/OHF2G/dU6lYJG50GlM3xH3BAkawNpJn71VSD8FziB88dFeDx9A3YC5S8eyyU3UmBecB5VAGeTU8+6vbi0gSUqEJx0p1kBNrN8NSM8LpqNRNFI0xGeI+7RgUOKTKzSYrjOChUXowiKQ5QsOJ+nsiw6FSaeibzhDrgZr1xuJ/XifRwZmbMREnmgoyfShIONQRHOcBe0xSonlqABPJzF8hGWCJiTaplUwIaHbleWjVquikitBVrVy/zvMogn1wAI4AAqegDi5BAzQBAY/gGbyCN+vJerHerY9pa8HKZ3bBn7I+fwDLDJRW</latexit>

y1 = ax2
1 + bx1 + c

<latexit sha1_base64="jwKqdiy1r4aBosISIW3iTOo+T5k=">AAACA3icbZDLSgMxFIbP1Futt1FX4ibYCoJQZgZBN0LBjcsq1hbaccikmTY0cyHJiGUobnwVNy4UxK0v4c63MW1noa0HQj7+/xyS8/sJZ1JZ1rdRWFhcWl4prpbW1jc2t8ztnVsZp4LQBol5LFo+lpSziDYUU5y2EkFx6HPa9AcXY795T4VkcXSjhgl1Q9yLWMAIVlryzL3K0HPQOcIPnnPnoGPka9AXqXhm2apak0LzYOdQhrzqnvnV6cYkDWmkCMdStm0rUW6GhWKE01Gpk0qaYDLAPdrWGOGQSjebrDBCh1rpoiAW+kQKTdTfExkOpRyGvu4MserLWW8s/ue1UxWcuRmLklTRiEwfClKOVIzGeaAuE5QoPtSAiWD6r4j0scBE6dRKOgR7duV5aDpV+6Rq21dOuXad51GEfTiAI7DhFGpwCXVoAIFHeIZXeDOejBfj3fiYthaMfGYX/pTx+QPPw5RZ</latexit>

y2 = ax2
2 + bx2 + c

The equation is linear in the unknowns.

(x3, y3)
(x2, y2)

<latexit sha1_base64="m/36vuqM7zkOsbn0HYbabPYSDxs="></latexit>2

4
x2
1 x1 1

x2
2 x2 1

x2
3 x3 1

3

5 ·

2

4
a
b
c

3

5 =

2

4
y1
y2
y3

3

5

(identical, but using matrix-vector notation)
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Polynomial regression
The basketball example is a representative of this larger class

19

Find a polynomial that perfectly interpolates a given set of points so that

y(ti) = pi

y(t)

t

pi

<latexit sha1_base64="meiFXVVR1P7ZPR+izfLOZSj03+g="></latexit>2

664

t3
0 t2

0 t0 1
t3
1 t2

1 t1 1
t3
2 t2

2 t2 1
t3
3 t2

3 t3 1

3

775

2

664

a
b
c
d

3

775 =

2

664

p0
p1
p2
p3

3

775

“Vandermonde matrix”
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Food for thought
What could possibly go wrong?

20

(x1, y1)

(x2, y2)

(x3, y3)

(xn, yn)

What if there is noise? 


What if the model violates the 
assumptions?

(x1, y1)

(x2, y2)

(x3, y3)

(xn, yn)

What if there are > 3 observations?


Use subset? Which ones? Use all 
somehow?

What if the observations are weak?




Demo time
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Another classical example of a "bad" linear system
Deconvolution: removing blur from a signal (e.g., an image)

23

b =

0

@
· · ·

a1 a2 · · · an
· · ·

1

A x

OriginalBlurry
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Another classical example of a "bad" linear system

24

Original Blurry Recovered

Regularized
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Forward and Backward Error

25

Output spaceInput space

Forward error
Backward error

ideal algorithm

actual algorithm

ideal algorithm

Recap
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Conditioning of linear systems

26

Forward error
Backward error

Condition number:  ratio
forward error

backward error
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Forward and Backward error
.. applied to linear system solving

27

<latexit sha1_base64="GRuTIabFLIEpth3PfGf0USLbNUo="></latexit>

x = f (b) = A�1b
Theoretical infinite precision solver

<latexit sha1_base64="U1vqdrKmO0BF9BZP9CudBC6wGwQ="></latexit>

f�1(x) = Ax
Its inverse is simple!

<latexit sha1_base64="bj9ogZCdLSxau08p9YfltT4Zz7M="></latexit>

x̂ = f̂ (b)
Actual finite precision solver

.. but how accurate is x?̂

<latexit sha1_base64="DTaX4BFQw8bYGH3Q95A+5exc5+Q="></latexit>

f�1(x̂) = Ax̂ ⇡ b
.. natural to expect that

<latexit sha1_base64="QsqszX1529ZAfkGNxNmyML8hE1k="></latexit>

r(x̂) = Ax̂ � b
The residual  gives an approximation of the backward error of a linear system solver.
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Interlude: Matrix-vector multiplication, ellipses, and ellipsoids
Four randomly generated matrices — how do they transform points on a circle?

28RGL Realistic Graphics Lab

<latexit sha1_base64="n0IBK+6uQCZP3MEYSM2GQ+WiE8A="></latexit>

A1

<latexit sha1_base64="/NCdYhD9NxVNOLSkQK37v2UmBP0="></latexit>

A2
<latexit sha1_base64="/NCdYhD9NxVNOLSkQK37v2UmBP0="></latexit>

A2

<latexit sha1_base64="t3Vj8KNyMuLVkiORf9RS4np8dHQ="></latexit>

A3
<latexit sha1_base64="rVHRLWiwN0wTGXxVNeEiNWjONU4="></latexit>

A4
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The matrix norm (aka. operator norm)
Determines the maximum radius of this ellipse

29

Source domain Target domain
A
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Some inequalities

30

Vector norm Matrix norm Vector norm

Matrix norm Matrix normMatrix norm

"The length of a transformed vector

 is bounded by its original length and

 the most that it can be stretched by A"

"Successive application of A and B cannot 

stretch a vector by more than the product

 of their individual bounds."
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Solving a perturbed linear system

31

Ingredient 1:

Original system

Perturbed system

What we’d like to know: how big is ?

Putting it together:

Ingredient 2:

(rel. error of solution)
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Solving a perturbed linear system
The condition number

32

b̂

b
x = A�1b

x̂ = A�1b̂
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The condition number
What does this number measure?

33

cond(A) = kAk · kA�1k
A

A-1
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The condition number
Some useful properties

34

• cond(A) =  ∞ iff A is singular

• cond(A) =  1 if A is the identity matrix

• cond(  A) = cond(A)

• cond(QA) = cond(A)

g 2 Rg

where Q is a rotation matrix

cond(A) = kAk · kA�1k
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• We know that det(A) = 0  if  A is singular. 

• Let’s try to set 

• Then det(A) = 10-1000. Yet, this linear system is trivial to solve. 

• On the other hand, cond(A) = 1 (!)

.. but what about the determinant?
The determinant is not a good way to determine whether a linear system is easy to solve. 

35

A =
1

10
I 2 R1000⇥1000
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Implications
Stated without proof.

36

Where ulp(1)
  ≈ 2-23 (single precision)

  ≈ 2-52 (double precision)

If you are using a good linear system solver, and if b can be assumed to be accurate, then

(rel. error of solution)
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A Chicken-and-Egg problem

37

• Inverting matrices is expensive.

• We want to know the condition number to  

find out if this is even possible? 
 
 

• Our definition of cond(A) requires inverting 
a matrix and computing a matrix norm (how?!)

Midjourney: chicken and egg problem

Stay tuned!
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Geometry of badly conditioned systems
Noise & errors may be greatly magnified. Row-based interpretation.
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Geometric interpretation of linear systems

Interpretation: Compute the intersection

of planes with normals a(i) and offset bi

Row-based view
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Conditioning of the Vandermonde Matrix
Maps from polynomial coefficients to polynomial evaluations.

40

Condition number for n = 100 (for uniformly spaced positions on [0, 1]):


cond(A) = 7.31·1019 (!!!!!!)

<latexit sha1_base64="97W6QJ16Smzrc6MKb1xwpBoqvj4="></latexit>0
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Linear Least Squares

(x1, y1)

(x2, y2)

(x3, y3)

(xn, yn)

What if there is noise? 


What if the model violates the 
assumptions?

(x1, y1)

(x2, y2)

(x3, y3)

(xn, yn)

What if there are > 3 observations?


Use subset? Which ones? Use all 
somehow?
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From linear systems to least squares

42

b3
b2

<latexit sha1_base64="joyZ3m83p2kyS5WiRVLt+EioEx4="></latexit> <latexit sha1_base64="joyZ3m83p2kyS5WiRVLt+EioEx4="></latexit> <latexit sha1_base64="joyZ3m83p2kyS5WiRVLt+EioEx4="></latexit> <latexit sha1_base64="joyZ3m83p2kyS5WiRVLt+EioEx4="></latexit>  <latexit sha1_base64="joyZ3m83p2kyS5WiRVLt+EioEx4="></latexit> <latexit sha1_base64="joyZ3m83p2kyS5WiRVLt+EioEx4="></latexit> 
A b4

x b=·
a1 b1
a2
a3
a4
… …

n constraint 
equations (many)

m parameters 
(few)

- ≈ 0

<latexit sha1_base64="gE/PC+8Zn+weDLAEdu1664/nZEc="></latexit>����

<latexit sha1_base64="gE/PC+8Zn+weDLAEdu1664/nZEc="></latexit>����
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Geometric intuition
For almost all values of b, Ax = b is not solvable. Try to get as close as possible.

43

3 rows
x
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Compromise: minimize the residual

44

kAx � bk2 = hAx � b, Ax � bi
<latexit sha1_base64="iOoAbK2Mp2QQKreBeCslomOAg2s="></latexit>

Ingredient: the squared length of a vector is just the inner product with itself:

Want:                                          to be as small as possiblekr(x)k = kAx � bk

Game plan:

 

1. Expand the residual equation

2. Take its derivative

3. Set its derivative to zero
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Compromise: minimize the residual

45

Want:                                          to be as small as possiblekr(x)k = kAx � bk

Game plan:

 

1. Expand the residual equation

2. Take its derivative

3. Set its derivative to zero

kAx � bk2 = hAx � b, Ax � bi
<latexit sha1_base64="iOoAbK2Mp2QQKreBeCslomOAg2s="></latexit>

= hAx, Axi � hAx, bi � hb, Axi+ hb, bi

= xTATAx � 2bTAx + kbk2
2
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Compromise: minimize the residual

46

Want:                                          to be as small as possiblekr(x)k = kAx � bk

Game plan:

 

1. Expand the residual equation

2. Take its derivative

3. Set its derivative to zero

= xTATAx � 2bTAx + kbk2
2

∂

∂x

h
xTATAx � 2bTAx + kbk2

2

i
= 0

∂

∂x

h
xTATAx � 2bTAx + kbk2

2

i
= 0

<latexit sha1_base64="9dYOhbrg9x2M3AbPnA0RPxL38y4="></latexit>

= 2ATAx � 2ATb
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Compromise: minimize the residual

47

Want:                                          to be as small as possiblekr(x)k = kAx � bk

Game plan:

 

1. Expand the residual equation

2. Take its derivative

3. Set its derivative to zero

Normal equations

<latexit sha1_base64="9dYOhbrg9x2M3AbPnA0RPxL38y4="></latexit>

= 2ATAx � 2ATb
<latexit sha1_base64="ggUL2gts0dZz0XtfACQXodI2I8c="></latexit>

b = 0
<latexit sha1_base64="3LptgDgLr241z7hdZywtJomd88I="></latexit>,

Carl Friedrich Gauss
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Tall linear system
Generally ill-defined

48
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Linear least squares via the normal equations
The “best” solution (in the L2 sense) is given by:

49
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Linear least squares via the normal equations
.. which is equivalent to a smaller square linear system

50
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Why are they called normal equations?

51

r(x)


